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Gordon McKay Laboratory, Harvard University 
Cambridge, Massachusetts 


ABSTRACT 

An approximate formula is derived for the distribution of current in 
and the driving point admittance of electrically long and thin dipole 
antennas. It consists of four terms to represent the real and four terms 
to represent the imaginary part of the current referred to the driving 
voltage. These combine simple sines and cosines for the leading parts 
with linearly and logarithmically tapered sines and cosines to shape the 
amplitudes. The currents per unit voltage at the driving points give the 


admittance. 


I INTRODUCTION 


1 2 

In recent papers * representations of the currents in cylindrical 
dipoles were derived in the form of two and three trigonometric terms with 
suitable complex coefficients. These were shown to combine simplicity with 
quantitative accuracy for antennas in the range of electrical half-lengths 
given by 0 $ 0 o h $ 5ir/4 whereas conventional sinusoidal theory is satisfac- 
tory only for very thin antennas in the much more restricted range 0 s: 6 Q h < 
it/2. An approximate representation specifically for long resonant antennas has 

3 

been reported , but no general extension of the theory to electrically long 
antennas has been made except in the rigorous analysis by Wu which does not 
provide a simple trigonometric formula for the current. Such a formula is 
generally useful in providing physical insight into the behavior of antennas 
and for many applications, notably those that involve superposition and tran- 
sient response. The purpose of this paper is to provide a simple, reasonably 
accurate formula for the distribution of current in a cylindrical antenna that 
may be many wavelengths long. Experimental studies of such antennas have been 

made by Iizuka et al^ and by Altshuler**. The analytical procedure for deriving 

1 2 

the currents resembles that developed for shorter antennas * , but is necessarily 
somewhat more involved. 
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II INTEGRAL EQUATIONS AND APPROXIMATE CURRENTS 
The well-known integral equation for the current in a thin center-driven 
cylindrical antenna with half-length h and radius a is readily expressed in 
the following form: 

h 

- / y»')K(z,z-)dz- - ^^ h[K 8 lne c (h -l 2 l ) + Uc ° s vL 

-h 

( 1 ) 

where A (z) is the vector potential on the surface of the antenna* £ * 120ir 

z ° 

ohms , and 

1 jC o f 

°‘c A z (h), '4T J I z (z')K(h, Z ')dz' (2) 

-h 


is proportional to the vector potential at the end z m h of the antenna. 

-18 R 

The kernel is K(z,z') ■ — ^ , R ■ /( z-z') + a (3) 

If the real and imaginary parts of the current, kernel, and function U are 
introduced in the form I (z) ■ I"(z) + jl'(z), U ■ U' + jU_, K(z,z') ■ 

Z Z Z K 1 

K (z,z') + jK_ (z ,z ' ) * R -1 cos8 R - jR _1 sin8 R , (1) can be separated into 

R 1 o o 

two equations as follows: 


h 

J Iz<z , )^(z,z , )dz' 

-h 


ri^rir[K sln 6 o (h -i 2 i > + v os vl 

*o o u 

h 

- J I'^(z ' )Kj(z ,z ' )dz ' 

-h 


(4a) 


h 

/ I 2< z ') K R ( z * z ')dz' 

-h 


4*^ 

5 cos 8 h cosf3 o Z + 
o o 


/ 


I^(z ')Ki(z,z ')dz* 


(4b) 
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where 


U R - 47 / [ i ;^')V h * z ' ) + dz’ (5) 

-h 

5 h 

u x - 47 / [^(z'^Ch.z’) - I’ (z'JKjOi.z’)] dz' . (6) 

-h 

The functions U D and U T are potentials in volts, V e is the driving voltage 

K X O 

to which all phases are referred. 

Owing to the quite different properties of the real and imaginary parts 
of the kernel K(z,z') • K^(z,z') + jKj(z,z') , the integrals that involve the 
former have leading terms that are well approximated by 

h 

J Uz')K R (z,z')Az' * I(z) , (7) 

-h 

whereas those that involve the latter have a dependence on z that is largely 

independent of I(z'). If use is made of this fact, it follows directly from 

(4a) and (4b) that I'(z) must have a distribution that includes as leading 

z 

terms the trigonometric functions sin3 Q (h - |z|) and cos8 q z; I^(z) ®ust 

include cos3 q z. Additional terms come from the integrals on the right. 

However, since 3 K T (z,z') S 1, whereas 6 K D (z,z') s: (8 a) ^ >> 1 these are 

relatively small and Insensitive to the variation of I z (z) with z. It follows 

that satisfactory approximations may be obtained with I’(z) 4 A sin 3 (h - |z'|) 

z o 

+ B' cos 3 z + B" f(z). I"(z) 4 B" cos 3 z + A g(z) + B' f(z) in these integrals 

o z o 

where 

h 

f(z) - J cos3 o z' Kj(z,z')dz' 4 - cosB q z + ~ sin8 Q zJ (8a) 

-h 
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h r 

g(z) « J sin & o (h— I z * I jK^z.z^dz' - -Ij sin 0 Q (h-|z|) + ^ sin0 Q z sin0 o h 
-h L 

- L, (z) cosE z cos0 h « (8b) 

1 o o J 

The approximate expressions on the right in (8a, b) are derived in Appendix A. 
The function 


- 1 <2) ' 2 [' 


Cin 20 (h-z) + Cin 20 (h+z) - 2Cin 20 z 
o o o 


i In h 2 /z 2 ) - 1 + e 


-20 z 

° In 20 q Z y , 2(3 o (h-z) > \ 


is slowly varying except near z ■ 0. Note that &n y ■ 0.5772.. (Euler's con- 

x 

stant) and Cin x - ( x~ (1 - cos x)dx is the modified cosine integral. If 

o 

these formulas are used in the evaluation of the integrals on the right in 
(4a, b) (see Appendix A), relatively simple expressions are obtained that are 
acceptable approximations for all values of z not too near the ends at z ■ h. 
The resulting approximate distributions of the real and imaginary parts of the 
current have the forms 


r (z) » A sin0 Q (h-|z|) + Te' + H' (z)J cos0 q z + D' (z/h)sin0 Q z (10a) 

r’(z) = [e” + + [f + D"(|z|/h)Jsin0 o |z| . (10b) 

The coefficients A to F remain to be determined. The formulas (iOa) and (10b) 
are useful approximations when 0 $ 0 q z *: 0 Q h - x/4. 

An approximate simple expression for the current near the ends z * ±h 
of a long antenna is readily obtained if note is taken of the following fact - 

4 

which has been verified both by reference to measurements and to detailed 


- 4 - 


4 

calculations from the analytically correct theory of Wu . The currents 
in antennas in the range 0 S 8 q z $ 5ir/A are very well represented in the form 

I'(z) ■ A sin & (h - Izl) + B'(cos 3 z - cos 8 h) (11a) 

z o 1 1 o o 

I"(z) * B"(cos 3 z - cos 3 h) , (lib) 

z o o 


If a given antenna with 3 Q h $ 5ir/4 is increased in length by integral multiples 
of the wavelength so that the new electrical length is 3 Q h + nir, n - 1,2,... 
the distribution of current in the outer pieces of length h is still very well 
represented in the forms (11a) and (lib) with appropriately modified coeffi- 
cients A, B', and B". This suggests the following representation for antennas 
of any length: use (10a) and (10b) in the range 0 * 8 0 z $ 8 0 h' " nir » use 
(11a) and (lib) in the range 8 0 h' $ 8 q z $ 8 Q h, where ^ $ 8 Q (h - h') < ^ . 

In order to provide continuity of current, the two sets of formulas must 
be equated at 8 q z * $ o h' ■ nir. This requires the two coefficients A to be the 
same , and 


B' 


where 

b 



H'L 1 (h 


’)" 


cos 8 h* 
o 

cos 3 h' - cos 3 h 
o o 


B" * b^E" + H"L 1 (h')j , 

1 

1 - cos 8 (h - h') 
o 


( 12 ) 


(13) 


and L^(h') ■ lnj(h/h’)2 - 1 . The components that involve sin 8 q z vanish 

at z ■ h'. They can be continued with components that are zero at z * h. 
Suitable expressions are 


r(z) 


A sin 8 (h-jzj) + B f (cos B z 
o o 


cos 3 n; 
o 


- • fti' (h- [ z I ) 1 
u [h(h - h’) 


« i _ i 
bin p \ z. \ 
O 1 


(14a) 
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r(z) - B" (cos 0 o z - cos 0 o h) + [f + D"(h'/h)j 


h - Id 


h - h' 


sin B q | z | . 


(14b) 


Actually, the two added terms are small and usually negligible. 


Ill DETERMINATION OF COEFFICIENTS 

The several coefficients in the distribution of current are determined 
by substituting the currents (10a, b) and (11a, b) in the equations (4a, b) and 
approximating the integrals as obtained by trigonometric functions. This is 
carried out in Appendix A; the desired approximations are in (A- 30) to (A-33) . 
If these are substituted in (4a, b), the following equations are obtained: 


AY„ + 


Fit 


2ttV 


R 2cos 8 h £ cos 8 h 
o o o 


sin 8 (h- z ) + 
o 


4irU, 


E'H 1 


CR C cos 8 h 
o o 


- T (E" + 0.55H" + F tan 8 h) - D" 
2 o 


cos 8 z 
o 


+ [h’4^ - f] L 1 (z)cos 8 o z + [d'!^ - E" - 0.55H" - |d"] (fsin 6{) z) 

- 0 (15a) 


(F^sr " A f cos 6 0 h )sin 8 c |z| + 


4irU 


E'X* + . * - V. + f<A sm 8 h + E’ + 0.55H') 


CR r cos g h 2 
^o p o 


+ D 


'jcos e o z + ^H"4 » cr - A cos Bq^Ij/zHos B e z + [d"^ + A sin B Q h 
+ E' + 0.55H' + J B')j(^ sin B q z) - 0 . (15b) 


These equations are satisfied if the coefficients of the trigonometric 
functions are individually equated to zero. In this manner the following 
simple results are obtained directly: 
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D"y, + E' + 0.55H' + \ D' + A sin B h - 0 . (20) 

nK l o 

It remains to evaluate D' , D", E', and E" from (17) to (20). This 
involves the functions and Uj as defined in (5, 6) . They are readily 
evaluated if (lCa,b) and (11a, b) are substituted in (5, 6)» The results are: 

- A* <h) + E'l (h) + H> (h) + D'T (h) 

^O 

+ E"'i' CI (h) + (h) + D"4' ZI (h) + FV SI (h) (21) 


- 7 - 


4ir U. 


- - E"T«(h) + H"<r LR (h) + D"«r 7P (h) + F¥ SR (h) 


c - CR 
*o 


ZR' 


‘SR' 


- AH- VI (h) - E’^jOO - H’^OO - D'4- ZI (h) » (22) 


where the several constants ¥ (h) are defined in Appendix B. Now let 

A 1R “ A4, VR (h) + H '\R (h) + H "’ 1 LI (h) + ^ S I (h > " lj°- 55H " + F tan e 0 h ] C08 6 o h 

(23a) 

A 1I “ A4, V i( h > + H"* u (h) " H’\ R (h) " FY SR (h) + f [°* 55H ’ + A sin B 0 hJcos 6 o h 

(23b) 

With (16a-d) these become 

A 1R - A [V h) + f lR “ 8 s 0 h ] • A 1I - A [ ,f VI <h) + £ 1I C0S 6 o»] > <24a) 

where 

f lR ■ <'/2)\ R < h >’sR T CR + - °' 275 ' C ° 8 S o h ] 

+ dr/2)T"J|y sl (h) - Or/2) sin B o h] (24b) 

*11 ■ 6 o h + ’ , SR , 'cR[il <h) + °- 275 ' C ° 8 B o h l - V 0 ***} 

- *ZR £ ^*CR • (24c) 

With (21) to (24) , the equations (17) and (18) now become 

D ' V h > + D "[ T ZI< h) - 808 6 o h ] + E, [ T CR <h) + , CR C ° 8 S o h ] 

+ E"[» a (h) - (n/2)cos S„h] - -A 1R (25) 
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( 26 ) 


D’|> ZI (h) + cos 6 o h1 - D"y zR (h) + E’[y cl (h) + (ir/2)cos 8 Q h] 

‘ E "[ T CR (h) - 'CR COS 6 0 h ] ' - A 1I • 

Equations (19) and (20) may be arranged as follows: 

d ’\ r - D" f - E" « A(0.55¥~ R cos 8 o h) (27) 

D ' f + D"¥ hR + E’ - - A(sin 8 Q h + 0.275ir ¥“ r ¥~ r cos B o h) . (28) 

The simultaneous solution of (25) to (28) for D’ , D", E', and E" expresses 
these coefficients in terms of the known constant A. It is carried out in 
Appendix C. This completes the determination of all of the coefficients in 
(10a, b) and (11a, b) so that the current in the antenna is completely known* 


IV DISTRIBUTIONS OF CURRENT AND ADMITTANCES 

The distribution of current in the form I (z) - I"(z) + il'(z) is well 

z z z 

approximated in the range I B z I S B h’ « nit by 

o o 


2 it V 

■ t? 


r 


o R1 


2 it V 


sin B 0 (h-|z|) 

cosl'h + T C cos V + t l l i( z >cos B 0 z 


+ T' (z/h)sin 8 z 
z o 


(29a) 


x z (z) - T7 


o R1 


T^cos 8 0 z + T^L 1 (z)cos 6 0 z + T^(z/h)sin 8 c z + T g sin B o | z | J , 

(29b) 


where T^, * E’/A cos 8 Q h, T^ - E”/A cos 8 0 h, T^ = D’/A cos B o h, T^' = 

D"/A cos 8 0 h, T^ = H'/A cos B Q h = tt/2 ^rY^, T£ » H"/A cos 6 Q h - 1/f^, 

" F/A nos R h ■ ir/2 V . When R h' = nm .< R z .< R h. where -r < B (h-h’) 
s> o bK o o o ' H o 

( ^ , the formulas for the current are 
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2 it V 


v z M - r? 


o R1 


2ir V 


sin 3 (h-|z|) f 

— oV%> + Tc + T i. L l (h '>] <“ s «„* 


cos 3 h) 

O 




IJJOO - -- y — b[T^ + T^L^h') (cos B q z - cos B Q h) . 


(30a) 

(30b) 


•o R1 


The driving-point admittance Y q - G q + jB Q is given by 


B 


fr [ B o h + r c + T iV 0) ] 


(31a) 


’o R1 


°o ■ r-lzr [ T c - t l l i (0 >! • 


(31b) 


’o 11 


When cos a Q h - 0 all of the coefficients T in (29a, b) remain finite 
except T^,. However, if the two first terms in (29a) are combined in the form 


sin 6 o (h-|z|) 

cos a h 
o 


+ T' cos a z * T' cos 3 z - sin a z , 
C o 1C o o' " 


(32) 


where T' = tan B h + T' ■ (A sin 3 h + E*)/A cos B h 
1C o C o o 


(33) 


the new coefficient T' remains finite when cos B h ■ 0. This is shown in 

1C o 

Appendix C. It may be convenient to use the alternative form 


2 it V 

x ;<«> - rr^ 

^o k1 


Jj- sin a Q | z | + T{ c cos 3 q z + T^L^zJcos B q z + T^(^ sin B c z)J 

(34) 


in place of (29a) when cos g h is very small or zero. In this form the 

o 

susceptance is 


B 

o 


2tt 

Vri 


t' + 

1C 


t l l 


1 <°>] • 


(35) 


where, from (9), L. (0) » Cin 2B h 

1 o 


(36) 
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The current in the range B h* ■nu$$z$8h that corresponds to (34) 

o o o 

is obtained from (30a) with the substitution T^, ■ - tan B Q h as given 

by (33). Since, 


sin B Q (h- | z | ) 

cos B h 
o 


sin B h - sin B z + tan 6 b(cos B z - cos B h) (37) 
o o o o o 


2v f r - 

iJU) - 7 -Y 2 - i sin e o h ' sin e o ,z l + b L T 1C + T L L i (h,) " sin 8 o h sec 8 o h J 

S R1 L 

* (38) 

where, as defined in (13), b * cos B h'/(cos B h' - cos B h) . Note that 
’ o o o 

(33) reduces to (34) at z = h', since B Q h' - nn. 


(cos B z - cos B h) 
o o 


V THE FIELD PATTERN 

The radiation field of an electrically long antenna has been deter- 
mined by Wu 4 in a useful form. It is readily computed from the well-known 
formula 

1i ’o ~z ' ' e 


E 9 


I (0) -^o R c 


2ir 


f(0) , 


(39a) 


where the field factor is 


f (0) 


sin 8 

2V®Y . 
o o -h 


J I(z' 


-jB z cos 0 

) e ° B dz' 

o 


(39b) 


In the form given in (34b) the field is referred to the I z (0) * V a Y Q at t * ie 
driving point. It may, of course, be referred to the driving voltage instead, 
but this is not conventional. The current distribution in (34b) is that given 

■It* /OO* "k N **4 #-U /OH- /O/.N /OQ\ Q f 


(29b) and (30b). In the evaluation of the far field pattern it is adequate 
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to replace the logarithmic term with its value at z » h'. Hence, with I (z) 

z 

- i"oo + 

y«> 

!,<«> 

where (40a) applies for 0 $ 3 |z| j 6 h' ■ nir, (40b) for 3 h' s 3 |z| $ 3 h. 
. * o o o o o 

In (40a, b), T a - T£ + jTj, + (T" + jl^L^h'), T z - + jT£. Note that 

T„ is real. Y ■ G + j B is obtained from (31a,b). 
s o o o 

If (40a, b) are used in (39b), the following integrals are obtained: 


2 w V c 

Vb 


sin 3 (h-|z|) 

* cos ~ 3 h + T CL COS 3 o Z + T Z (z/h)8ln 6 o z + T S 8ln 8 ol z| 


e r 


2 it V 


i 


sin 3 o (h-|z|) 

cos 3 h 
o 


+ bT__ (cos 3 z - cos 3 h) 

LL O O 


(40a) 

(40b) 


(1/2) sin 9 J sin 3 q ( h- | z | ) 


-h 


jB z cos 0 

s ° 8 dz - F (0,3 h) 

o mo 


cos (8 h cos 0) - cos 3 h 
o o 


sin 0 


(41) 


h’ 


(l/2)sin 0 J sin 3 Q |z| 
-h' 


jB z cos 0 

e ° B Q dz * F g(®» nW ) 

,n 


1 - (-1) cos(nit cos 0) 
sin 0 


(42) 


h’ 


(1/2) sin 0 J cos 8^. 


jB z cos 0 


z e 


B Q dz » F c (9,nir) 


-h' 


- (-l) n cot 0 8in(ntr cos 0) (43) 


h' 

(l/2)sin 0 J (z/h)sin 8 t 
-h' 


jB z cos 0 


z e 


8 dz ■ F (0,nir) 
o z 


— ^ ^ , — Tnir sin^ 0 cos(mr cos 0) + 2cos 0 s±n(nir cos 0)1 

0 h sin 0 ^ 
o 


(44) 
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(l/2)sin 0 


f r ? \ j 6 o z cos 0 

i I * I (cos 3 q z ~ cos B 0 h) e 8 dz 

\ -h -h' / 

F c (G,e o h) - F c (0,mr) - [F E (0,3 o h) - F E (0,nir)] cos 3 Q h , (45) 


where 


F.(0,8 h) » -r^-rfsin 3 h cos(3 h cos 0) - cos 3 h sin(3 h cos 0)cos 0 ] 
c o sin u l o o 00 J 


" tan ® 8in(3 o h cos 6) 


(46) 

(47) 


It follows that the field pattern is given by 

f(e> - [t c + I l L i( 0) + j tan S^]- 1 |j y0,e o h)sec (y. + 1^(6,..) 

+ T z F z (0,mO + TgFg(0,mr) + b T CL | F c (0,B o h) - F c (0,mr) - E c (0,3 Q h) 


cos 8 h + E_(0,nir)cos 3 h . 
o C o 


(48) 


A similar formula is readily derived for the range of 3 Q h near and at 
(2n + l)(n/2). Usually | f ( 0) | is of primary interest. 
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APPENDIX A: INTEGRALS 


The following four integrals occur in the equations (4a, b): 
h h 

J R “ / r(z') K^z.z'Jdz' ; - J r(z') K R (z,z')dz' 

-h -h 

h h 

J I “ / r z (z,) K i( z » z ') dz ' ; J i ” / I z< z, > ^(z.z^dz* . 

-h -h 

In the approximate evaluation the currents are given by 

I'(z) * A sin B (h-|z|) + E’cos 6 z + H'L(z)cos B z + D’(z/h)sin 
z o o o 


T"t~\ 

z'~' 


V K 

w ww a 


f nrsa 


a * 


ri** { *9 i\\\ 

^ V** / **/ *'**» 


ft » 4* 1? eln ft 1^1* 

"o ’ ‘ "o'-' T 


when | z | $ h' • nir/B 0 , and by 

I'(z) - A sin B_ (h- | z | ) + bfE* + H'L. (h' )1 (cos B z - cos B h) 

Z O L 1 J O O 

I"(z) - bfE" + H"L.. (h' )1 (cos B z - cos B h) 
z L 1 J o o 

in the range h' $ |z| $ h where j < B 0 (h-h’) $ . 

When these distributions are substituted in the several integrals 
certain well-known integrals are encountered. These are 

h 

S (h,z) * f sin B |z'| K(z,z')dz' 

a jo 

-h 

h 

C (h,z) = f cos B z' K(z,z')dz' 

fl / o 

-h 

h 

E a (h,z) = J K(z,z')dz' . 

-h 


(A-l) 

(A-2) 


; z 
o 

(A- 3a) 
(A- 3b) 

(A-4a) 

(A-4b) 


(A-5) 
(A-6) 
(A- 7) 
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The properties of the real part of the kernel permits the following 


approximat ions : 


Re S o (h,z) A ^sin &J 2 I * Re c n 0*» z ) A 4 'rn cos e « z * 


a 


CR 


Re Ejh,z) a y ER , 


(A-8) 


where ^ SR - S/h.A/4) , ^ CR " C a <h,0) , \ R " V h * 0) * 

In the imaginary parts of the integrals (A-5) to (A-7) , the approxi- 
mation R A | at * - z| can be made. It then follows that 

Im S a (h,z) - -Jl^(z) cos 6 q z + P^(z) sin 6 o |z|J A -|l^(z) cos & 0 Z 


+ ■=■ sin 6 I z 
/ o 


l], 


where, with Cin x * J x ^(1 - cos x)dx, 


(A-9) 


j. (z) ■ ir|Cin 26 (h-z) + Cin 26 (h+z) - 2 Cin 26 z 
1 l L o o o _ 


-26 z 


(A-10) 


A £n/(h^/z^) - 1 + in(26 z y)e ° when 26 (h-z) > — . (A-ll) 

V o o z 

In (A-ll) the first term is a well-known approximation for arguments that 
are not too small. The second term, in which in y - 0.577... as Euler’s con- 
stant, is added to provide a formula that has approximately the correct 

x 

behavior near and at z * 0. In (A-10), with Si x ■ J x sin x dx, 

o 

P 1 (z) - |jsi 2e o (h-z) - Si 26 0 (h+z) + 2 Si 26 Q zj . (A-12a) 

In the range 26 Q (h-z) > 


P x (z) sin 6 c |z| = 2 sin 6 Q |z 


(A- 12b) 


,2 2 


Actually, near z « 0, P^(z) -*■ 26 q z, so that P^(z) sin 6 0 |z| ■+• 26 q z , whereas 
~ sin 6 |z| -*■ g z. However, the precise shape of these small terms in a 

/ O 4 O 
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narrow range near z - 0 is not important so long as the value at z - 0 
is correct. Hence, the simple form (A-12b) is adequate. 


Corresponding to (A-10) 

j 

Im C a (h,z) « -|V 2 (z) cos 0 q z + L 2 (z) sin 0 Q |z|j 

+ \ sin 
n 

where 

l 2 (z) “ j[cin 2B o (h+z) - Cin 20 Q (h-z)] 
p 2 (z) - |[si 2B o (h+z) + Si 2B o (h-z)] . 
Subject to the condition 20 Q (h-z) >, ir/2. 


A -jf cos B o z 

B o z] , (A-13) 

(A- 14a) 
(A-14b) 


L 2 (2 > 1 • P 2<*>*2 • (A ' l5) 

Strictly, the approximation L 2 (z) A ^ is valid only when (z/h) < 1. 

However, near z « h, L 2 (z) rises rapidly to L 2 (h) - -j Cin 40 Q h A -j|o. 577 

+ in 43 Q hJ which is considerably greater than 1. However, in a small 

z 

correction term, the simple form L 2 (z) A — should be adequate even though 
considerably in error near z * h. 

Finally, 


Im E (h,z) - -fsi 2$ (h+z) + Si 20 (h-z)l A - „ . (A-16) 

£t L O O J 

The approximation on the right is valid when 20 (h-z) ^ ir/2. 

o 

Additional Integrals - which occur only in quite small terms - involve 

distributions of current of the forms L, (z)cos 0 z and (z/h)sin 0 z. The 

1 o o 

associated integrals are 
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J L^z') COB $ Q z' K R (z,z , )dz t A Y CR Lj^z) cos $ q z . (A-17) 

-h 

Since L x (z) is quite slowly varying, y CR is an appropriate amplitude, 
h 

J (zjh) sin B o z’ K R (z,*')dz' - 4< hR (z/h) sin B q z + (sin 2 B 0 h/B 0 h)cos B q z , 

(A-18) 


-h 


where f._ * £n(2h/B a) - 1.577. Note that when the limits are -h' and h', 
nR o 

9 

sin 3 h 1 * 0 since 6 h' ■ htt. 
o o 

h h 

J (z * ) cos S o z’ Kj(z,z')dz' * L^h/2) J cos B 0 z' ^(z.z'Jdz' 

-h 

A _ 0.55jj cos B q z + f sin $ q zJ. (A- 19) 

In this small term, the slowly-varying function L^(z) is replaced by an 
approximately average value at z * h/2, viz. L^(h/2) « y join 3B Q h - Cin B Q hj 
A (in 3)/2, and the remaining integral is the same as (A-13) , 


b p 

f (z'/h) sin B q z' Kj(z,z')dz' » -<cos B c 
-h 


1 - 


sin 2B h 
o 


26 0 h 


h[v*> 


sin B z 


- L 0 (z) cos B z 
2 O . 


} 


f 

r sin 2B h 

2 1 




H 

1 - ° 
2B h 

.L o 

z 

"h 2 - 

COS 

V + 7 

• h 8ln s o* j 


Note that when the limits are -h* to h' sin 2B h' ■ 0 since B h 1 ■ nir. 

o o 

This integral is evaluated directly with R A |z - z'| in the kernel. The 

2 

approximate expression is obtained with (A-15) . Since the term (z/h) cos B q z 
is of higher order in the current distribution than the terms in (10a, b). 
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it will be omitted 


Integrals that actually arise in addition to (A-5) to (A-7) include 


J sin 3 o (h— | z * | ) K^z.z^dz' * Re|c a (h,z) sin g Q h - S a (h,z) cos B Q hJ 


-h 


where 


* sin g (h-|z|) , 


(A-21) 


4» p * Refc (h,h-A/4) sin Bh - S (h,h-A/4) cos 8 hi when 6 h > (A-22) 

K la O a O J O Z 


-h 


J sin 8 o (h-|z'|) K^z.z^dz' « Im|^C a (h,z) sin B Q h - S a (h,z) cos 8 0 hJ 

* ^2" ®* n ^ 0 ^"l z h “ L^(z) cos 8 q z cos 8 Q h + sin $ q z sin 8 Q hj 

(A-23) 

( h h' \ 

j cos 8 Q Z ' K^(z,z')dz f + b| J - f J (cos & q z' - cos 8 0 h) K^z.z'Jdz' 

\-h -h* / 

A y cR cos 8 q z (A-24) 


h’ 

/ 

-h' 


in the range |z| £ h*. The constant amplitude is deferred at a maximum 

of cos 8 z such as at z ■ 0 where 
o 


^CR " Re 


C a (h',0) + b |c a (h,0) - C a (h',0) - [E a (h,0) - E a (h\0)Jcos B Q h| 


(A-25) 


Since JL^(z) is slowly varying, 
h' 

J LjU’) cos B q z ' K r (z , z')dz' + b L-^h') 


-h' 



(cos 8 z 1 * cos 8 h) 
o o 


Kj(z ,z : )dz : a v CR L^z) cos 8 q z 


U-26) 
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Since integrals with the kernel K^z.z') are not sensitive to the distri- 
bution of current and since this is continuous at z ■ h' , the added slightly 
different integral for h' * |z| $ h cannot significantly alter the value 
obtained with an unchanged distribution. Hence, with (A-13) , 


h' / h hV 

f cos & q z' Kj(z,z')dz' + b f - J J(cos B 0 z' - cos B Q h) Kj(z,z')d z' 
° -h -h’ 


-h 

Similarly, with (A-19) 
h 


■ -Jj cos 8 q z + jj- sin B Q Z . (A-27) 


/ h h> \ 

j L^(z') cos B o z' Kj(z,z')dz' + b L^(h') | J - J I (cos 8 0 z' - cos B Q h) 


-h 


\-h -hi 

Kj(z,z’)dz' * - 0.55^-j cos 8 q z + ~ sin 8 q zJ • (A-28) 


With the several approximate formulas, it is now possible to express 
the original integrals (A-l) and (A-2) with (A-3a,b) and (A-4a,b) as follows: 


J i iA! R sin 6 o< h -! z l> + E ” F CR COS V + H * *^CR L l (z) COS V + D ’\r h 8ln P o Z 

(A-29) 

J R * E,, ' P CR COS 6 o Z + H "^CR L 1 (z) COS B o Z + D, \R (z/h) 8ln V + F ^R 8ln P ol Z l 

(A- 30) 

Jj A A cos B Q h sin 6 q | z | - j^A -j sin B Q h + E'y + 0.55H'-|- + D'j cos 8 c z 

+ A cos 8 h L (z) cos 8 z - [a sin 6 h + E' + 0.55H' + sin 8 z) 

o l o L o l J n o 

(A- 31) 

J I " -[ E "f + 0.55H"|- + D" + f F tan 8 0 hJcos 6 q z - |V + 0.55H" + D"j] 

(r- sin 8 z) - F L- (z) cos 8 z + tP sin 8„(h-|z|)/cos 8 h * (A- 32) 

no l o / o ' o 
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APPENDIX B: COMPONENTS OF U 


The coefficients U R and Uj are defined by (5, 6). Approximate values 
are obtained from the substitution of the currents (10a, b) and (11a, b). 
They may be expressed as in (21) and (22) in terms of a set of numbers 
denoted by ¥(h) since they correspond to integrals evaluated at z ■ h, 
the end of the antenna. The several values are defined below. 


yw 


^(h) + j'f VI (h) = j sin B 0 (h-|z'|) K(h,z')dz’ 

-h 


C (h,h) sin 6 h - S (h,h) cos 6 h (B-l) 

a o a o 


V h > 


h' / h h'\ 

^CR^h) + " f cos 8 0 z ' K(h,z')dz' + bj j - f |(cos S 0 z' 

-h* \-h -W 


T L (h) 


- cos 6 h) K(h,z')dz' 
o 

C a (h* ,h) +b[c fl (h,h) - C a (h',h)] +b^E a (h,h) - E a (h’,h)] cos B Q h 

(B-2) 

h' 

T LR (h) + jY LI (h) = j' L^z') cos B 0 z’ K(h,z’)dz’ + b L^h') 

-h' 

h h' 


/ h h’ 

i ■ L 


(cos B q z - cos B Q h) K(h,z')dz' 


A L^h') ^(h) 


(B-3a) 

(B-3b) 


V h) 


h’ 

T ZR (h) + J^ ZI (h) = (B 0 h) _1 J B q z' sin 3^' K(h,z’)dz' . (B-4) 

-h’ 


Note that 


cos 


YfU 


6 A , sl " <A 


where 


’ / 


? 2 

(h - z'V + a . 
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APPENDIX C: SOLUTION OF EQUATIONS 


The four equations (25) to (27) for D' , D", E', and E” 'can be solved 
quite simply if E' and E" are first eliminated from (25) and (26). Thus, 
from (27) and (28) 

E' - -[d'7+ D"\ r + A(sin B Q h + 0.275* cos B 0 h)] , (C-la) 

f 

E" - D'^ - D"| - 0.55A cos B Q h . (C-lb) 

When these expressions are substituted in (25) and (26) these become 


D' 

$ J + D" 

♦i 

•e* 

< 

i 

(C-2a) 

D' 

+ D" 

*2 

■ A *4 » 

(C-2b) 


where 

♦1 - V h > - W 0 ' 72 + W h) - ^CR + V ( ’ /2) COS e o h (C - 3) 

*i ■ ’zl (h) - ,, CR (h),, hR - ' , CI (h) " /2 - (1 + WhR - " 2/4 > 6 o h 

(C-4) 

*2 - ’Zl (h) - ’cl 0 -)”/ 2 - V^hR + (1 + ^CR^hR - ” 2/4) COS B o h 

(C-5) 

*2 " - W h) - W h) *hR + V (h>7r/2 " <f CR + T hR )(,r/2) C ° S 6 o h 

(C-6) 

* 3 - - Vy^h) + y cR (h) sin B Q h + f 3 cos B Q h (C-7) 

- ^ VI (h) + * CI (h) sin B 0 h + f^ cos B 0 h , (C-8) 

where 

f 3 " - f iR + °- 55 *a[*a (h) - ( ’ /2) cos 6 o h ] + t cr sln 8 o h + °' 275 ’ ’sK 

[v h) + *CR COS 6 o h ] <C - 9) 
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(C-10) 


f 4 ' - f ll 


- 0.55 f'J - T cr cos 6 0 hl + (s/2) sin 6 0 h + 0.275. 


*SR*CR [^CI + <*«> “ s 6 0 h . ' 


It follows directly that 


D' - A - * 4 *j] « A <F VR (h) + y cR (h) sin 8 0 h + f 3 cos $ Q h] 

- •£[«- y vI (h) + Y CI (h) sin $ Q h + f 4 cos 8 Q h] 


(C-ll) 

VI (h) + ^ CI (h) sin 6 Q h + cos 8 o hJ 


D" - A - * 3 *^J - A A- 1 ^- V, 

' *l[- V h > + W 0 sin B o h + f 3 cos «o h ]} • 


(C-12) 


where A - *2 - *!£ » 


and A - - 2ir V*/c ¥ 0 . cos 6 h. Since when 8 h (2n + l)(ir/2), f t _(h) + 

O O KJL O O V K 

^^(h), V VT (h) ¥ rT (h), it is clear that all terms not multiplied by cos 


VI' 


Cl 


8 h in the msnerators of (C-ll) and (C-12) vanish so that the cos 8 h in 
o o 

the denominator of A is cancelled and finite values of D’ and D" remain. 

With D’ and D" given in (C-ll) and (C-12), E* and E" are given by 
(C-la,b). Thus, 

s' - - a |[*j *2 - « 4 *Ja - 1 (./2) + - l 3 t^A _1 7 hR + sin e o h 

+ 0.275. cos 6< hj 

E" - - - Vi] 4 "\r - (Vi ' * 3 *2] a ' 1(i,/2) - °‘ 55 ^CR cos B o h } • 

(C-14) 

Since the coefficients $ 3 and $ 4 individually reduce to the form f cos 6 o h 
when 8 Q h •+• (2n + 1) (ir/2) , it is clear that E" remains finite when cos 8 Q h 


(C-13) 
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0 since cos $ h in the denominator of A cancels with cos 8 h in the numera- 
o o 

tor. Exactly the same is true in E' except for the one term, sin 8 Q h. 

When cos 8 h in the denominator of A is multiplied through this becomes 
o 


tan 8 h. 
o 

Hence , 


T R1 V 


(finite term) + tan 8 Q h 


As pointed out in con- 


junction with (32), the sum of the terms A sin 8 0 (h-|z|) + E' cos 8 q z 
yields simply (A sin 8 h + E') cos 8 z - A cos 8 h cos 8 z which remains 


finite when 6 h (2n + l)(ir/2). 
o 
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